Abstract. In this paper, we discuss the concept of partially ordered rectangular metric spaces using the notation .X; ; d /. Also, we give a generalized contractive condition in the context of partially ordered rectangular metric space for all comparable pair of X. Our results extend and generalize the well-known results of [13] , [1] , [14] and [11] .
INTRODUCTION
Banach contraction principle proved by mathematician S. Banach was published in 1922. This principle is one of the most useful tools in the study of nonlinear equations. This contraction mapping principle has been generalized in many directions ( [3] , [7] , [10] , [17] , [19] , [5] ).
In 1973, Geraghty [7] introduced the following generalization of Banach's contraction principle that known Geraghty type contraction.
Let .X; d / be a complete metric space and let f W X ! X be map. Suppose there existsˇ2 # such that for each x; y 2 X d .f x; f y/ Äˇ.d .x; y// d .x; y/ where # D fˇWˇ.t n / ! 1 implies t n ! 0g : Then f has a unique fixed point´2 X and ff n xg converges to´; for each x 2 X: In 1977, Jaggi [10] proved the following theorem satisfying a rational type contractive inequality.
Let .X; d / be a complete metric space and let f W X ! X be a continuous mapping such that d .f x; f y/ Ä˛d .x; f x/ d .y; f y/ d .x; y/ Cˇd .x; y/ for all distinct points x; y 2 X where˛;ˇ2 OE0; 1/ with˛Cˇ< 1. Then f has a unique fixed point. In 2000, Branciari introduced the notation of a generalized metric spaces. A generalized metric is a semi-metric which does not satisfy the triangle inequality but satisfies a weaker condition called quadrilateral inequality.
A rectangular metric space needs not to (1) have a continuous rectangular metric (2) have a convergent sequence as a Cauchy sequence. Branciari also established an analogue of Banach's fixed point theorem on rectangular metric spaces. Extension of this analogue has been made in many directions ( [4] , [18] , [2] , [12] ).
In 2004, Ran and Reurings [16] established an analogue of Banach's fixed point theorem in partially ordered set. Theorem 1. Let .X; / be a partially ordered set endowed with a metric d and .X; d / be a complete metric space. Furthermore, X is such that every pair x; y 2 X has a lower bound and an upper bound.
(1.1)
If f W X ! X is a continuous, monotone (i.e., either order-preserving or orderreversing) map from X into X such that 9 0 < c < 1 W d .f x; f y/ Ä cd .x; y/ ; x y; (1.2) 9 x 0 2 X W x 0 f x 0 or x 0 f x 0 ; then f has a unique fixed point x: Moreover, for every x 2 X lim
One see that the difference of this theorem than the Banach contraction principle is that contractive inequality (1.2) satisfies only for comparable pair of the .X; /.
In 2005, Nieto and López [15] extended some results to study a problem of ordinary differential equations. Also, authors introduced the following concept to give some alternative conditions for the existence and uniqueness of the fixed point.
"if any nondecreasing sequence fx n g in X converges to´, then x n f or all n 0 " (1.3)
"every pair of elements has a lower bound or an upper bound" (1.4) (2) The partially ordered set .X; / needs not the property (1.1). It is sufficient to consider that X has the property (1.4). (3) The property (1.4) is equivalent to the property (1.5).
Remark 1 ( [15] ). considered the map f W X ! X as nondecreasing, but Ran and Reurings [16] studied as a monotone. In the other words, according to Ran and Reurings [16] it is sufficient to consider f as monotone, that is, f may be nondecreasing or nonincreasing.
Papers [8] , [9] , [13] , [1] , [14] and [11] were particularly focus on the following three points:
(1) The mapping defined by f W X ! X is nondecreasing and continuous or f is nondecreasing and the set .X; / has the property (1.3). (2) It is taken the assumption "if there exists x 0 2 X such that x 0 f x 0 ". (3) In order to guarantee the uniqueness of the fixed point, they needs the property (1.5).
In this paper we aim to
(1) introduce the concept of partially ordered rectangular metric space .X; ; d /, (2) give a generalized rational contractive condition that involve all results of the papers [1] - [5] and [7] - [19] without need some restrictions given in the above. (3) Furthermore, we take the mapping defined by f W X ! X is monotone and continuous or f is monotone and the set .X; / is regular.
We shall also discuss some results from [1] - [5] and [7] - [19] after giving the proof of our main results.
MATHEMATICAL PRELIMINARIES
Now, we recall some notations and remarks which are needed in the sequel.
Definition 1 ([4]
). Let X be a nonempty set and let d W X X ! OE0; 1/ satisfy the following conditions for all x; y 2 X and all distinct u; v 2 X each of them different from x and y:
Then the function d is called a rectangular metric and the pair .X; d / is called a rectangular metric spaces (for short RMS).
In literature, generalized metric spaces (or in short g.m.s) instead of for rectangular metric spaces (in short RMS) is used by some researchers. if a nondecreasing sequence fx n g ! x in .X; d / , then x n x for all n 0I (2.1) if a nonincreasing sequence fx n g ! x in .X; d / , then x n x for all n 0: (2.2)
Regularity the mapping with define by f W X ! X need not be nondecreasing. Alias, it is sufficient to consider monotone, that is, f may be nondecreasing or nonincreasing.
Some notations are defined as follows. 
it is continuous and satisfies following axioms:
(1) F .s; t / Ä s; (2) F .s; t / D s implies that either s D 0 or t D 0; for all s; t 2 OE0; 1/.
We denote the set of C -class functions by C . It is clear that if
Theorem 2. Let .X; ; d / be a partially ordered Hausdorff and complete RMS. Let f W X ! X be a monotone mapping satisfying for all distinct points x; y 2 X with x y;
such that 2 «; 2˚; F 2 C. Also, suppose that either (1) C1) f is continuous or (2) C2) .X; ; d / be regular. If there exists x 0 2 X with x 0 f x 0 or x 0 f x 0 ; then f has a fixed point in X: Moreover, if .X; / has the property (1.4) (or (1.5)), then the fixed point is unique.
Proof. Let x 0 2 X such that x 0 f x 0 or x 0 f x 0 : Define the sequence fx n g by x n D f x n 1 for n 1: If there there exists n 0 such that x n 0 D x n 0 C1 . Then f has a fixed point. Suppose that x n ¤ x nC1 for all n 2 N: In this case, we give the proof step by step.
Step 1: The sequence fx n g defined by x n D f x n 1 for n 1 is monotone. In fact, since f is monotone, we have
Step 2: We claim that d .x n ; x nC1 / ! 0. Indeed, since fx n g is a monotone sequence, from contractive inequality, we have
Thus, from (3.5), it is clear that fd .x n ; x nC1 /g is a monotone nonincreasing sequence of non-negative real numbers. Thus, there exists r 0 such that d .x n ; x nC1 / ! r as n ! 1: d .x n ; x nC1 / D 0: (3.7)
Step 3: We claim that d .x n ; x nC2 / ! 0: Indeed, from contractive inequality we have
As a convenience, let
Therefore, we obtain M .x n 1 ; x nC1 / D max a n ; b n ; a nC1 ; b n b nC2 a n :
then, we see that fd .x n ; x nC2 /g is a monotone nonincreasing sequence of non-negative real numbers. As shown above, we get that d .x n ; x nC2 / ! 0 as n ! 1: As a result, for all cases in (3.9), we have
(3.10)
Step
Note that fx n g is a sequence of distinct points, then thanks to rectangular inequality, we have
Also, we get
Thus we have F . . / ; . // D . /. From definition of F class function and function we get that D 0: This is a contradiction. Hence, fx n g is a g.m.s Cauchy sequence. Thus there exists u 2 X such that the sequence fx n g converges to u: In here, we have two cases: Let C1) holds, that is, f be continuous, then we have
Let C2) holds, that is, .X; ; d / be regular. From (3.2) and (3.3), it is clear that the sequence fx n g is a monotone sequence. Thus, by the regularity of X; we have x n u or x n u for all n 1: This means that for each n 1 x n and u are comparable elements in the sense of partially order " ". Note that f is a monotone mapping, then for each n 1 f x n and f u are comparable elements. This is lets to use contractive inequality (3.1);
where
and
Let n ! 1 in (3.13) and (3.14), we obtain Note that (3.11) and (3.17) are contradiction with assumption that f has no periodic point. Consequently, f has a periodic point, that is, there exists a 2 X such that a D f p a:
Step 5: We claim that f has a fixed point. Note that there exists a 2 X such that a D f p a: It is clear that a 2 X is a fixed point f for p D 1: We will prove that # D f p 1 a is a fixed point of f in case of p > 1: If possible, assume the contrary, that is, let f p 1 a ¤ f p a: Thus, from the contractive inequality, we get
Note that fd .x n ; x nC1 /g is a monotone nonincreasing sequence of non-negative real numbers, then we get that
Consider (3.18) and definition of F class function, then we have
From the definition of function, we have d .a; f a/ < d f p 1 a; f p a : Continuing the similar process, we get the following contradiction
Hence, the assumption that # D f p 1 a is not a fixed point of f is not true. Consequently, f has a fixed point.
Step 6: The fixed point is unique. Now, we show that this fixed point is unique. If possible, let #; # 0 2 X be fixed point of f . We distinguish two cases:
From definition of F function and property of ; functions, we obtain that # D # 0 : Case 2: If # is not comparable to # 0 ; then there exists an element´2 X such that´comparable to # and # 0 : Without loss of generalty, we choose´ #: Let define a sequence f´ng bý Note that f is monotone, then we have From the quadrilateral inequality of rectangular metric function we have
take n ! 1 in (3.26), we hold that # D # 0 ; that is fixed point is unique.
The following theorem obtained by picking out F .s; t / D s t:
Theorem 3. Let .X; ; d / be a partially ordered Hausdorff and complete RMS. Let f W X ! X be a monotone mapping satisfying for all distinct points x; y 2 X with x y;
.d .f x; f y// Ä .M .x; y// .M .x; y// C N L .x; y/ (3.27) such that 2 «; 2˚. Also, suppose either
(1) C1) f is continuous or (2) C2) .X; ; d / be regular.
If there exists x 0 2 X with x 0 f x 0 or x 0 f x 0 ; then f has a fixed point in X: Moreover, if .X; / has the property (1.4) (or (1.5) ), then the fixed point is unique. Example 1. Take the X D f0; 1; 2; 3g and define usual order "Ä " on X: Define a function d W X X ! OE0; 1/ as following; For all cases there exists 2 «; 2˚; F 2 C. One of the choices: 4. SOME AUXILIARY RESULTS In this section we aim to give some results that obtained from our main theorem. In 2011, Luong & Thuan [13] introduced a generalized rational contractive inequality to obtain a fixed point result in partially ordered metric space. The following theorem extends Theorem 2.1 of [13] from partially ordered metric space to partially ordered rectangular metric space. Also, assume either T is continuous or X has the property (1.3). If there exists x 0 T x 0 ; then T has a fixed point. Moreover, if X has the property (1.5), then the fixed point is unique.
Arshad et.al [1] , by introducing the concept of almost Jaggi contraction, they gave some fixed point theorems for rational contractions in partially ordered metric spaces. The following theorem extends Theorem 2 of [1] from partially ordered metric space to partially ordered rectangular metric space. Theorem 6. Let .X; ; d / be a partially ordered Hausdorff and complete RMS. Suppose that a self-mapping f is an almost Jaggi contraction, continuous and nondecreasing. Suppose there exists x 0 2 X with x 0 f x 0 : Then f has a unique fixed point.
Mustafa et. al. [14] used the definition of almost contraction to make a discussion on generalized almost contractions via rational expressions in partially ordered metric space. The following theorem extends Theorem 3 of [14] from partially ordered metric space to partially ordered rectangular metric space. Also, assume either f is continuous or X has the feature (1.3). If there exists x 0 2 X such that x 0 f x 0 ; then f has a fixed point. Moreover, if X has the feature (1.5), then the fixed point is unique.
APPLICATIONS
Let be the set of functions W OE0; C1/ ! OE0; C1/ such that (1) is Lebesgue integrable mapping on each compact subset of OE0; C1/; (2) R " 0 .s/ ds > 0 for every " > 0: For this class of functions, we can express the following results. for all x; y 2 X and 1 ; 2 2 , F 2 C. Then f has a unique fixed point # 2 X: for all x; y 2 X and 1 ; 2 2 , F 2 C. Then f has a unique fixed point # 2 X: Kir & Kıziltunc (2015) as special cases fundamentally improve and generalize the results of ( [3] , [7] , [10] , [17] , [19] , [5] , [4] , [18] , [2] , [12] , [16] , [15] , [8] , [9] ) in the following sense.
.i / Rectangular metric space has substituted the sum at the righthand side of the triangle inequality by a three-term expression.
.i i / Generalized from metric space to rectangular metric space.
